Let C be an algebraic curve of genus g and L a line bundle over C. Let MSC (n, L) and MOC (n, L) be the moduli spaces of Lvalued symplectic and orthogonal bundles respectively, over C of rank n. We construct rational curves on these moduli spaces which generalize Hecke curves on the moduli space of vector bundles. As a main result, we show that these Hecke type curves have the minimal degree among the rational curves passing through a general point of the moduli spaces. As its byproducts, we show the non-abelian Torelli theorem and compute the automorphism group of moduli spaces.
Introduction
Let C be a smooth algebraic curve of genus g ≥ 2 over C. For integers n ≥ 2 and d, the moduli space SU C (n, d) of semistable bundles over C of rank n with a fixed determinant of degree d is known to be a Fano variety of Picard number one. Xiaotao Sun [16] proved that under the assumption that g ≥ 3 (except the case when g = 3, n = 2, and d even), a rational curve passing through a general point of SU C (n, d) has the minimal degree if and only if it is a so called Hecke curve. The Hecke curves have been widely studied for n = 2, for which case the degree minimality was proven in [7, Proposition 8] . For introduction to Hecke curves for n > 2, see [8] and [9] . This readily yields a simple proof of nonabelian Torelli theorem and the description of the automorphism group of SU C (n, d) ([16, Corollary 1.3 and 1.4]).
The goal of this paper is to establish a similar result for symplectic bundles and orthogonal bundles. Let us briefly explain the main results, pending the precise definition and backgrounds for symplectic and orthogonal bundles to section 2. Here we just mention that in several places we will assume n ≥ 4 for symplectic bundles and n ≥ 5 for orthogonal bundles. The reason is as follows:
A symplectic bundle must have even rank, and every vector bundle V of rank 2 has a symplectic structure coming from the isomorphism V ∼ = V ∨ ⊗ (det V ). Also orthogonal bundles of rank ≤ 4 are constructed from line bundles and vector bundles of rank 2 (see [10, p.185] and [15, § 4, 5] ).
Under this assumption on n, let MS C (n, L) (resp. MO C (n, L)) be the moduli space of L-valued symplectic (resp. orthogonal) bundles over C of rank n for a fixed line bundle L over C of degree ℓ. We first construct variants of Hecke curves on these moduli spaces, called symplectic and orthogonal Hecke curves respectively, which provide covering families of rational curves for MS C (n, L) and MO C (n, L) respectively. It is interesting to note that the symplectic Hecke curves are special type of Hecke curves on SU C (n, d), while the orthogonal Hecke curves are not.
Since the Picard groups of MS C (n, L) and MO C (n, L) are infinitely cyclic under the above assumption on n, the notion of minimality of the degree of a curve makes sense without a reference to a specific ample line bundle. The main result of this paper is as follows: Theorem 1.1. Assume (g ≥ 3, n ≥ 4) in the symplectic case and (g ≥ 5, n ≥ 5) in the orthogonal case. Among the rational curves passing through a general point of MS C (n, L) (resp. MO C (n, L)), a curve has minimal degree if and only if it is a symplectic (resp. orthogonal) Hecke curve.
More detailed version of this statement is stated in Theorem 5.2 and Theorem 5.3 for symplectic case and orthogonal case, respectively.
Once the relevant variants of Hecke curves are defined, we can follow [16, § 2] to compute the degree of rational curves. One additional technical ingredient is the Harder-Narasimhan filtration of symplectic and orthogonal bundles. In particular, a symplectic or orthogonal bundle over P 1 must have a special kind of splitting type. This enables us to adapt the formulas in [16] , originally for vector bundles, to the context of symplectic and orthogonal bundles.
Theorem 1.1 suggests that the symplectic and orthogonal Hecke curves play the same role as the Hecke curves on SU C (n, d) as in [8] , [9] and [16] . As samples, we will discuss two consequences in section 6: nonabelian Torelli theorem (Theorem 6.4) and the description of automorphisms of the moduli space. (Theorem 6.5).
The nonabelian Torelli theorem has already been proven in [5] for the moduli of principal bundles in general, and the automorphism group for the moduli of symplectic bundles has been computed in [4] . The approach in [5] was to examine the strictly semistable locus and reduce to the classical Torelli theorem for the principally polarized Jacobians. On the other hand, we get the result from the geometric properties on the stable locus as in [4] . Both approaches in [4] and ours are based on the Hecke correspondence, but we use the Hecke curves covering the moduli space to show the result in a more direct way. This paper is organized as follows. In § 2, the basic facts on symplectic and orthogonal bundles will be explained. Also, their moduli spaces are described. In Section § 3, the description of the symplectic and orthogonal version of Harder-Narasimhan filtrations will be given in a concrete way. In § 4, we construct relevant variants of Hecke curves. We prove Theorem 1.1 in § 5 and discuss its applications in § 6.
Moduli spaces of symplectic and orthogonal bundles
Let L be a line bundle over a smooth algebraic curve C of genus g ≥ 0.
Definition 2.1. A vector bundle V over C of rank n is called an L-valued symplectic bundle (resp. orthogonal bundle) if it is equipped with a bundle map ω : V ⊗ V → L whose restriction to each fiber is a non-degenerate skew-symmetric (resp. symmetric) bilinear form.
An L-valued symplectic bundle (resp. orthogonal bundle) can also be viewed as a principal Gp(n, C)-bundle (resp. GO(n, C)-bundle): see [2] and [3] . From the isomorphism V ∼ = V ∨ ⊗ L, we have det(V ) 2 ∼ = L n and so deg(V ) = 1 2 nℓ, where ℓ = deg(L). In particular, an orthogonal bundle of odd rank must have value L of even degree.
By linear algebra, the rank of an isotropic subbundle of V cannot exceed the half of rk(V ). Definition 2.3. As an orthogonal or symplectic bundle, V is stable (resp. semistable) if µ(V ) > µ(E) (resp. µ(V ) ≥ µ(E)) for every nonzero isotropic subbundle E.
When g ≥ 2, the semistable L-valued symplectic (resp. orthogonal) bundles over C of rank n form a moduli space denote by MS C (n, L) (resp. MO C (n, L)).
Note that every vector bundle V of rank 2 has a det(V )-valued symplectic structure coming from the isomorphism V ∼ = V ∨ ⊗det(V ). Hence in this case, we have MS C (2, L) ∼ = SU C (2, ℓ). In general, an L-valued symplectic bundle (V, ω) always has a determinant det(V ) ∼ = L n 2 given by the composition:
It is known that MS C (n, L) is irreducible of dimension 1 2 n(n + 1)(g − 1). On the other hand, MO C (n, L) has several irreducible components: An Lvalued orthogonal bundle V has a determinant det(V ) such that det(V ) 2 ∼ = L n , hence there are many moduli components distinguished by c 1 (V ). Also for a fixed c 1 (V ), there is another topological invariant called the second Stiefel-Whitney class w 2 (V ) ∈ Z 2 (see [14] for details).
Since most of the arguments in this paper will go parallel for the symplectic and orthogonal case, we simply write M to denote either MS C (n, L) or an irreducible component of MO C (n, L), unless there is a possibility of confusion.
The notion of the minimality of the degree of a curve on M is independent of the choice of an ample line bundle on M, due to the following fact: Lemma 2.4. Assume n ≥ 4 for symplectic case and n ≥ 5 for orthogonal case. Then the Picard group of M is infinitely cyclic.
Proof. This is shown in [1] . We remark that this does not hold in the orthogonal case for n = 4 (see [15, § 4, 5] ).
We define the degree of a curve on M as follows. Let f : M → SU C (n, 1 2 nℓ) be the forgetful morphism sending an L-valued symplectic or orthogonal bundle to the underlying vector bundle of degree 1 2 nℓ, where ℓ = deg(L). A priori, f is a rational map defined only on the points represented by symplectic or orthogonal bundles whose underlying vector bundles are semistable. But it is known that every semistable symplectic or orthogonal bundle is semistable as a vector bundle (see Lemma 3.1). Definition 2.5. We define the degree of a rational curve u : P 1 → M as the degree of (f • u) * (−K), where K is the canonical bundle on SU C (n, 1 2 nℓ).
Harder-Narasimhan filtrations
In this section, we describe the Harder-Narasimhan filtration of symplectic and orthogonal bundles. Most of the results in this section can be found in the literature, written in the language of Gp(n, C)-and GO(n, C)-bundles. For our convenience later, we rewrite the results in the language of symplectic and orthogonal bundles. The discussion in this section applies to any genus g ≥ 0 and any rank n ≥ 2. We recall: (2) If a symplectic/orthogonal bundle V is stable, then the underlying vector bundle is polystable: a direct sum of stable bundles of the same slope.
Hence to show the semistability of V , it suffices to check that there is no destabilizing isotropic subbundles.
Proof. This proof is borrowed from [13, proposition 4.2] , in which the orthogonal case was discussed. Assume V is semistable as a symplectic/orthogonal bundle. Let E be any subbundle of rank r. From the isomorphism V /E ∼ = (E ⊥ ) ∨ ⊗ L, we observe:
Let M and N be the subbundles generated by E ∩ E ⊥ and E + E ⊥ , respectively. If M = 0, then the map E ⊕ E ⊥ → V gives a subsheaf whose quotient is a torsion sheaf. Hence
Since E + E ⊥ , E ∩ E ⊥ = 0, we have M ⊂ N ⊥ . Since M and N ⊥ have the same rank, they must coincide. Therefore, we have rk(E) + rk(E ⊥ ) = rk(M ) + rk(N ) = rk(M ) + rk(M ⊥ ).
Applying (3.1) to both E and M , we have
Hence deg(E) ≤ 1 2 rℓ and V is semistable as a vector bundle. When we assume V is stable symplectic/orthogonal bundle, (3.3) becomes strict inequality. Hence if the equality µ(E) = µ(V ) holds, then M = 0 and in this case the map E ⊕ E ⊥ → V is an isomorphism by (3.1). This shows the second claim.
The following result describes the Harder-Narasimhan filtration of a symplectic/orthogonal bundle. Proposition 3.2. For any L-valued symplectic (resp. orthogonal) bundle V , there is a chain of isotropic subbundles:
Moreover, the bundles
k /E k are semistable L-valued symplectic (resp. orthogonal) bundles under the inherited symplectic (resp. orthogonal) structure.
As a consequence, the Harder-Narasimhan filtration of the underlying vector bundle of V is given by:
is maximal among the isotropic subbundles and • rk(E 1 ) is maximal among them.
Since E 1 has maximal slope and every subbundle of E 1 is isotropic, it must be semistable vector bundle.
We stop here if V has no destabilizing isotropic subbundle S containing E 1 . Otherwise, let E 2 be an isotropic subbundle containing E 1 such that • µ(E 2 ) is maximal among the isotropic subbundles containing E 1 and • rk(E 2 ) is maximal among them.
By the maximality of slope, the quotient E 2 /E 1 is a semistable vector bundle. Also, since µ(E 2 ) < µ(E 1 ), we have µ(E 2 /E 1 ) < µ(E 1 ). 1 Repeating this process, we have the chain
It is easy to check that ( 
Now we show that E
. This shows that the first term on the righthand side is nonnegative. Also the sign of the second term is same as that of µ(E k ) − µ(S), which is nonnegative from the choice of E k with maximal slope. This shows the claim.
Note that the uniqueness of the Harder-Narasimhan filtration of the underlying vector bundle guarantees the uniqueness of the sequence (3.4) for a symplectic/orthogonal bundle V .
In particular for g = 0, the existence of a symplectic or orthogonal structure on a vector bundle V on P 1 makes its splitting type very special. First note that the symplectic form ω : V ⊗ V → O(ℓ) can be normalized: When ℓ even (resp. odd), we may assume that ℓ = 0 (resp. ℓ = 1) by replacing (1) When ℓ = 0, we have the splitting of the form:
(2) When ℓ = 1, we have the splitting (3.8) such that
Proof. According to the type of Harder-Narasimhan filtration in (3.6),
and so on. This shows r m+1−i = r i for 1 ≤ i ≤ m. Also when ℓ = 0, we have deg(V ) = 0 and deg(E ⊥ ) = deg(E) and the filtration (3.6) yields the equalities a 1 r 1 = −a m r m , a 1 r 1 + a 2 r 2 = −(a m r m + a m−1 r m−1 ), and so on. This inductively shows a m+1−i = −a i for 1 ≤ i ≤ m.
When ℓ = 1, we have deg(V ) = n and deg(E ⊥ ) = deg(E) + n − rk(E). From this, the equalities a m+1−i = −a i + 1 for 1 ≤ i ≤ m can be obtained similarly.
Hecke curves
In this section, we construct symplectic and orthogonal variants of Hecke curves. Throughout this section, we assume n ≥ 4 for symplectic case and n ≥ 5 for orthogonal case. We first establish a result on the uniqueness of a generic isomorphism.
Uniqueness of a generic isomorphism. For a nonnegative integer δ, a symplectic or orthogonal bundle
for each nonzero isotropic subbundle E. This is a notion adapted to the symplectic and orthogonal case, which is originally the (δ, δ)-stability in [11, Definition 5.1]. Proof. A similar result for orthogonal case was proven in ([3, Proposition 3.5]), but the above claim is slightly stronger. Let S be the sublocus of M consisting of bundles V admitting an isotropic subbundle E of rank r and degree d such that
It suffices to show that the dimension of S is strictly smaller than dim(M). We have the sequence
The inherited form on the quotient E ⊥ /E is non-degenerate, so it is an Lvalued symplectic/orthogonal bundle of rank n − 2r. The above sequence can be put into the middle sequence of the following diagram:
Note that this diagram is symmetric with respect to the diagonal line (possibly with a change of sign): the central term has the symmetry V ∼ = V ∨ ⊗ L and the right vertical sequence gives the bottom horizontal sequence after taking dual and tensoring L.
The middle extensions are parametrized by PH 1 (C, Hom(E ⊥ ⊗ E ⊗ L ∨ )), which appears again in the long exact sequence associated to the bottom sequence (tensored by E ⊗ L ∨ ):
Now we compute an upper bound on the dimension of those bundles V fitting into this diagram. A relevant result for this dimension count is [12, Prop.2.6] , which guarantees that for any given family of vector bundles, there is an irreducible family of bundles whose generic member is stable, and contains all the members of the given family. Since the arguments in [12, Prop.2.6] can be adapted to the symplectic or orthogonal cases, we may assume the stability of the objects in the dimension count below.
Consider the diagram (4.4). For the right vertical sequence,
• E moves in the moduli of vector bundles of rank r, which has dimension r 2 (g − 1) + 1. • E ⊥ /E moves in a family of symplectic/orthogonal bundles of rank n − 2r, which has dimension 1 2 (n − 2r)(n − 2r ± 1)(g − 1), where the sign ± refers to + in the symplectic case and − in the orthogonal case (throughout the proof).
To count the dimension of deformations, we can assume that E ⊥ is stable, and so
Since (E ⊥ /E)⊗E⊗L ∨ has rank r(n−2r) and degree (n−2r)(d− 1 2 rℓ), we have
These information determine all the terms in the diagram by symmetry mentioned above, except the central term V . This is determined by the choice of a point in
, which is in the middle of (4.5). Since a class in 
. The total sum of above moduli gives the upper bound:
.
When g = δ + 2, by the inequality (4.1), this holds if
This holds for r = 1 if n > δ+1. Also if 2 ≤ r ≤ n 2 , then n−r±1 ≤ 2n−3r±1 from which the above inequality follows. Similarly, (4.6) holds if g > δ + 2 and n > 1 2 (δ + 2). This shows that the dimension of the locus S is strictly smaller than dim(M) under the bounds on g and n. (1) The argument below is a refinement of the proof of [11, Lemma 5.6], which was originally given for vector bundles.
(2) Note that in each case the condition on g guarantees that V is δ-stable by Lemma 4.1: it can be checked that for δ ≥ 2 and n ≥ 4:
(3) Later we will apply this result for δ ≤ 4, in which case the condition n > 1 2 (δ + 2) can be removed. Proof. First we show that if dim H 0 (C, W ∨ ⊗V ) > 1, then there is a nonzero map W → V with a nontrivial kernel.
for an effective divisor D of degree δ < g. Let ψ : W → V be a map which is not a constant multiple of φ. Since φ and ψ are linearly independent at a general point y, some linear combination aφ + bψ is degenerate at y. This map cannot be a generic isomorphism: if it were, the quotient of V by (aφ + bψ)(W ) is a torsion sheaf supported on a divisor containing y, which is a contradiction. This shows that aφ + bψ : W → V is a nonzero map with a nontrivial kernel.
Therefore, it suffices to show that those bundles V which admit a nonzero map ψ : W → V with a nontrivial kernel are contained in a proper closed subset of M. Now let V be a bundle in M admitting a nonzero map ψ : W → V with a nontrivial kernel S and the quotient E = W/S which is a subsheaf of V of rank r < n. Let M := E ∩ E ⊥ . If M is nonzero of rank r M > 0, then from the δ-stability (see Remark 4.3 (2)), we have
Hence as before in (3.2),
Also, since S is a subsheaf of V via φ, we have deg(S) < 1 2 (n−r)ℓ. Therefore,
which is a contradiction. This shows that the restriction of the form (V, ω) to E is non-degenerate on a general fiber. Note that
Hence we get a sequence
where τ 0 is a torsion sheaf of degree ≤ 2(δ − 1). Now we count dimension of bundles V ∈ M fitting into (4.9). We write down the symplectic case explicitly, and the computation can be done for the orthogonal case in a parallel way.
First, we note that the restriction of the form ω to E yields a generic isomorphism E → E ∨ ⊗ L such that the quotient (E ∨ ⊗ L)/E is a torsion sheaf of degree −2 deg(E) + rℓ < δ by (4.8) . Then E is a subsheaf (or a limit of subsheaves) of an L-valued symplectic/orthogonal bundle E of rank
(For the sign ±, we take + and − sign in the symplectic and orthogonal case, respectively. The space M should refer to the corresponding space.) Similarly, we have
Given two bundles E and E ⊥ , those V fitting into the sequence of the form (4.9) have dimension bounded by
Summing up these three dimensions, we get 1 2 (n 2 − 2rn + 2r 2 ± n)(g − 1) + 3(δ − 1)n =: D.
From the inequality D < dim(M) = 1 2 n(n ± 1)(g − 1), we get (rn − r 2 )(g − 1) > 3(δ − 1)n.
The lefthand side is of degree two in r, and has a minimum at r = 1, for which the inequality reduces to: (n − 1)(g − 1) > 3(δ − 1)n. Hence it can be seen that dim(M) > D under the assumption that g > 3(δ−1)n n−1 + 1. We conclude that a general bundle V in M does not admit a generic isomorphism φ : W → V together with a map ψ : W → V having a nontrivial kernel. Therefore, given a general [V ] ∈ M, if there is a generic isomorphism φ : W → V , it is unique up to a constant multiplication. 
where C x is the skyscraper sheaf supported at x. Then we have a degenerate form ω θ on V θ induced from (V, ω). Restricting the sequence (4.10) to the fiber at x, we get an exact sequence of vector spaces:
such that ω θ | x has two-dimensional kernel containing κ θ :
For each 1-dimensional subspace H of V θ | x , let V H be the sheaf given by the extension
which restricts to the fiber at x as: Proof. Consider the composition map: For each t ∈ PKer(ω θ | x ) ∼ = P 1 representing a 1-dimensional subspace H t ⊂ Ker(ω θ | x ), let V t be the bundle V Ht equipped with the L-valued symplectic form ω t := ω Ht . Then we get a family
This shows that for each θ ∈ P(V ∨ ), the family C θ [V ] gives a rational curve on M L passing through the point [V ], provided that C θ [V ] is a nonconstant family and the bundles V t 's are stable as symplectic bundles. 
Here the second inequality follows from the 1-stability of V by Lemma 4.1.
To show (2), it suffices to show that V t ≇ V for t = 0. If V t ∼ = V for some t = 0, then there are two generic isomorphisms between V θ and V , one given by (4.10) and another given by the composition V θ → V t ∼ = V . But this contradicts Lemma 4.2 for δ = 1.
This rational curve C θ [V ] is called the symplectic Hecke curve on M associated to θ ∈ P(V ). It will be shown in § 5 that C θ [V ] has degree 2n.
4.3.
Orthogonal Hecke curves on M = MO C (n, L). The construction in the orthogonal case is similar to the symplectic case, but also there are some important differences. We follow the construction in § 4.2, pointing out the required modifications.
Let (V, ω) be a point of M representing an L-valued orthogonal bundle V of rank 2n. For x ∈ C, let IG(2, V | x ) be the Grassmannian of 2-dimensional isotropic subspaces of V | x . Then for each Λ ∈ IG(2, V | x ), we can associate a codimension 2 subspace Λ ⊥ of V | x . Let V Λ be the kernel sheaf of the composition V → V | x → (V | x )/(Λ ⊥ ). This gives an extension
x → 0, whose restriction to the fiber at x gives the exact sequence of vector spaces:
Then V Λ admits a degenerate symmetric form ω Λ induced from (V, ω). The restricted form ω Λ | x has four-dimensional kernel containing κ Λ :
Indeed, the restriction of ω to the quotient (V Λ | x )/κ Λ ⊂ V | x has 2-dimensional kernel, and its pull-back to V Λ | x is precisely Ker(ω Λ | x ).
For each 2-dimensional isotropic subspace H of V Λ | x corresponding to a point of IG(2, V Λ | x ), let V H be the sheaf given by the extension
x → 0 which restricts to the fiber at x as: Proof. We can argue in the same way as in the proof of Lemma 4.4: we have a symmetric map
Recall that Ker(ω Λ | x ) ∼ = C 4 . It is well-known that IG (2, 4) is a disjoint union of two P 1 's. For each t ∈ IG(2, Ker(ω Λ | x )) representing a 2dimensional isotropic subspace H t , let V t be the bundle V Ht equipped with the L-valued orthogonal form ω t := ω Ht . Then we get a family Proof. To show (1), for each
, let E be an isotropic subbundle of V t . Then by the construction, V has a subsheaf E defined by the kernel of the
Here the second inequality follows from the 2-stability of V by Lemma 4.1.
To show (2), it suffices to show that V t ≇ V for t = 0. If V t ∼ = V for some t = 0, then there are two generic isomorphisms between V Λ and V , one given by (4.10) and another given by the composition V Λ → V t ∼ = V . But this contradicts Lemma 4.2 for δ = 2: there is a unique generic isomorphism 2 We expect that another component (which does not contain 0) produces orthogonal bundles with 2nd Stiefel-Whitney class different from w2(V ). V Λ → V for g > 4 + 3 n−1 . The latter genus condition holds if g ≥ 5 and n ≥ 5.
Again, this rational curve C Λ [V ] is called the orthogonal Hecke curve on M associated to Λ ∈ IG(2, V | x ). It will be shown in § 5 that C Λ [V ] has degree 4n.
rational curves on M
In § 4, we defined symplectic and orthogonal Hecke curves. Also in § 3, we described the Harder-Narasimhan filtrations for symplectic and orthogonal bundles. Based on these results, we can now compute the minimal degree of rational curves on M according to the computations in [16, § 2] . In doing that, we need to additionally keep track of the form ω (see Lemma 5.1).
Symplectic case.
For M = MS C (n, L), let u : P 1 → M be a rational curve on M. As discussed in Lemma 3.1, the underlying vector bundle of a stable symplectic bundle V is a polystable vector bundle. Let M reg ⊂ M be the open sublocus consisting of those symplectic bundles whose underlying vector bundle is stable. Let π 1 : C × P 1 → C and π 2 : C × P 1 → P 1 be the projections. Let L := π * 1 L.
Lemma 5.1. If u(P 1 ) ⊂ M reg , there is a vector bundle V over C × P 1 equipped with a symplectic form Ω : V ⊗ V → L ⊗ π * 2 O P 1 (d) for somed such that for each t ∈ P 1 , the restriction of (V, Ω) to π −1 2 (t) = C × {t} is isomorphic to the symplectic bundle represented by u(t).
Proof. Let V t be the L-valued symplectic bundle represented by u(t) for t ∈ P 1 . First we note that dim H 0 (C, End(V t , V * t ⊗ L)) = 1 for each t since V t ∼ = V * t ⊗ L and V t is a stable vector bundle. By forgetting the symplectic structure, the curve u(P 1 ) can be thought as a curve in the moduli of stable vector bundles over C. By [16, Lemma 2.1], there is a vector bundle V over C × P 1 such that for each t ∈ P 1 , the restriction of V to π −1 2 (t) = C × {t} is isomorphic to the vector bundle V t . From the above observation, we see that (π 1 ) * End(V, V * ⊗L) is a line bundle over P 1 , say O P 1 (−d) for somed. By adjunction formula we have Hom(O P 1 (−d), (π 1 ) * End(V, V * ⊗L)) ∼ = Hom((π 1 ) * O P 1 (−d), End(V, V * ⊗L)), so there is a nonzero map
This gives a map Ω : V → V * ⊗ L ⊗ π * 1 O P 1 (d) with the desired property.
Note that the symplectic form Ω : V ⊗ V → π * 1 O P 1 (d) can be normalized: Whend even (resp. odd), we may assume thatd = 0 (resp.d = 1) by
). The normalized family V can be viewed as a family of O(d)-valued symplectic bundles over P 1 parametrized by C ford = 0, 1. For x ∈ C, we write P 1
x := π −1 1 (x). Under this normalization, the generic splitting type of V is given as in Corollary 3.3. Then there is a relative Harder-Narasimhan filtration
which restricts to a generic fiber P 1
If we let
is torsionfree with generic splitting type O r i P 1 . For a general p ∈ P 1 , the restriction of V to π −1 2 (p) = C × {p} is denoted simply by V and we write E i := E i | C×{p} , F i := F i | C×{p} . By the same computation as in [16, (2. 2)], we have
By construction, for 1 ≤ i ≤ ⌈ m 2 ⌉, the bundles E i are isotropic and E ⊥ i = E m−i . Hence the summation for ⌈ m 2 ⌉ ≤ i ≤ m can be computed from the summation for 1 ≤ i ≤ ⌈ m 2 ⌉ by using the formula
. Also all the bundles E i used in this computation are isotropic subbundles of V .
Theorem 5.2. Assume g ≥ 3 and n ≥ 4. Suppose that u(P 1 ) ⊂ M is a rational curve passing through a general point of M. Then u(P 1 ) had degree ≥ 2n. Also if u(P 1 ) has degree 2n, it is a symplectic Hecke curve.
Proof. By [16, Lemma 2.2], c 2 (F i ) ′ ≥ 0 in the above formula (5.1) since the generic splitting type of F ′ i is trivial. Moreover, (µ(V ) − µ(E i ))r i > 1 since the curve u : P 1 → M passes through a point [V ] corresponding to a 1-stable symplectic bundle by Lemma 4.1. Therefore, deg(u(P 1 )) ≥ 2n.
Furthermore, the equality holds if and only if a 1 = · · · = a ℓ = 0, m = 1 and c 2 (V) = 1. In particular,d must be even. Now we can apply [16, Lemma 2.5 ] to see that V has a jumping line
and V admits an elementary transformation [16, Lemma 2.2] . Therefore V induces a symplectic Hecke curve as was defined in § 4.2.
Orthogonal case.
Basically the same idea as in the previous subsection applies to the orthogonal case. In fact, all the arguments before Theorem 5.2 are valid verbatim to the orthogonal case. Now we state an orthogonal variant of Theorem 5.2. Let M = MO C (n, L). Note that the degree bound is twice that of symplectic case.
Theorem 5.3. Assume g ≥ 5 and n ≥ 5. Suppose that u(P 1 ) ⊂ M is a rational curve passing through a general point of M. Then u(P 1 ) had degree ≥ 4n. Also if it has degree 4n, then it is an orthogonal Hecke curve.
Proof. As before we have c 2 (F ′ i ) ≥ 0. Since the curve u : P 1 → M passes through a point [V ] corresponding to a 2-stable orthogonal bundle by Lemma 4.1, we have (µ(V ) − µ(E i ))r i > 2. Therefore, deg(u(P 1 )) ≥ 2n. Also if deg(u(P 1 )) ≤ 4n, then a 1 = · · · = a ℓ = 0, m = 1 and c 2 (V) = 1. In particular,d must be even.
First we rule out the possibility of degree 2n. If if deg(u(P 1 )) = 2n, then again by applying [16, Lemma 2.2 and 2.5], we see that V admits an elementary transformation of the type:
→ 0 for some vector bundle W . If this defines a 1-parameter family of orthogonal bundles, then each V| C×{p} induces a symmetric form ω p : Sym 2 (W ) → L(x) with a kernel of codimension 2 in W | x . Since Ker(ω p ) is fixed from the sequence (5.2), the form ω = ω p is independent of p. But when we take elementary transformations associated to an one-dimensional subspaces in W | x , even if it is chosen as isotropic subspace, the induced symmetric forms of the resulting bundles V| C×{p} do not vanish identically on the fiber at x except two choices. (This is a consequence of the fact that the isotropic Grassmannian IG(1, 2) consists of two points.) Hence the family {V| C×{p} : p ∈ P 1 } in (5.2) do not lie inside MO C (n, L).
Next we consider the degree 4n case. If if deg(u(P 1 )) = 4n, there are three possible types of the associated elementary transformations: Namely,
We now rule out the first two cases. The case (5. 3) is ruled out by the same reason as (5.2): Since the elementary transformations are taken at two fibers separately, we get only 2 · 2 = 4 bundles in the family {V| C×{p} : p ∈ P 1 } on which the induced L(x 1 + x 2 )-valued symmetric form vanishes identically on the fibers at x 1 , x 2 . The case (5.4) can be understood as a consecutive elementary transformations at the fiber W | x such that the first one is taken for a fixed choice of a point in P(W | x ) and the second one is taken for a line in P(W | x ). The same problem arise in this process as in (5.2) .
In the remaining case (5.5), the sequence restricts to each C × {p} as an elementary transformation of the form
such that W has an L-valued symmetric form ω with Ker(ω| x ) ∼ = C 4 . Then we can see that the rational curve {V| C×{p} : p ∈ P 1 } lies on a component M of MO C (n, L) only if it is an orthogonal Hecke curve as was defined in § 4.3.
Applications
To discuss applications of symplecitc and orthogonal Hecke curves, we need to check that the symplectic (resp. orthogonal) Hecke curves C θ [V ] (resp. C Λ [V ]) are effectively parameterized by θ ∈ P(V ∨ ) (resp. by Λ ∈ IG(2, V )). Lemma 6.1.
(1) Assume either (g = 5 and n ≥ 6) or (g ≥ 6 and n ≥ 4) and [V ] ∈ MS C (n, L) is general. If θ 1 = θ 2 in P(V ∨ ), then C θ 1 [V ] and C θ 2 [V ] are different symplectic Hecke curves.
(2) For n ≥ 5, assume g ≥ 10 + 9 n−1 and
Proof. For the proof, we exploit the notations from § 4. Assume
Then there are two generic isomorphisms V θ 1 ,θ 2 → V 2 , one given by the composition
and another by the composition
] is as much general as [V ] in M. Thus we may apply Lemma 4.2 to the map V θ 1 ,θ 2 → V 2 in place of W → V : By the assumption on g and Lemma 4.2 for δ = 2, these two generic isomorphisms coincide. Now consider the dual map V ∨ 2 → (V θ 1 ,θ 2 ) ∨ of this generic isomorphism. From the above observations, the restriction of this dual map to the fiber at x has the image inside the kernel of two maps for i = 1, 2:
This shows V 2 ∼ = V , which is a contradiction.
The same argument shows (2) . In this case, we apply Lemma 4.2 for δ = 3, 4 to show the coincidence of two generic isomorphisms and the genus assumption must be adapted correspondingly. Remark 6.2. To show that the spaces P(V ∨ ) and IG(2, V ) effectively parameterize the symplectic and orthogonal Hecke curves respectively, one may instead try to show the injectivity of the tangent maps
sending a symplectic or orthogonal Hecke curve to its tangent at [V ]. We believe this can be shown to be an embedding under certain assumptions on g and n as in [9, theorem 3.1], but we do not pursue it here. By Theorem 5.2, 5.3, and Lemma 6.1, we get the following result. Corollary 6.3. In the same notation as Lemma 6.1, the space P(V ∨ ) (resp. IG(2, V )) is the normalization of the Chow variety of rational curves passing through [V ] in MS C (n, L) (resp. an irreducible component of MO C (n, L)). Now we discuss the Torelli theorem for the moduli of symplectic and orthogonal bundles. This was proven before in [5, Theorem 0.1] for principal bundles in general, and later reproved in [4, Theorem 4.3] for the symplectic case. We also uses Hecke correspondence as [4] , but we deduce the wanted conclusion from a more geometric picture of rational curves on M. Theorem 6.4. Let C 1 and C 2 be smooth algebraic curves of genus g. Also let L 1 and L 2 be line bundles of the same degree ℓ over C 1 and C 2 , respectively.
(1) Assume either (g = 5 and n ≥ 6) or (g ≥ 6 and n ≥ 4). If the moduli spaces MS C 1 (n, L 1 ) and MS C 2 (n, L 2 ) are isomorphic, then C 1 and C 2 are isomorphic.
(2) For n ≥ 5, assume that g ≥ 10 + 9 n−1 . Let M 1 and M 2 be irreducible components of MO C 1 (n, L 1 ) and MO C 2 (n, L 2 ), respectively. It M 1 and M 2 are isomorphic, then C 1 and C 2 are isomorphic.
Proof. (1) Given an isomorphism Φ : MS C 1 (n, L 1 ) ∼ = MS C 2 (n, L 2 ), let V 1 be a symplectic bundle over C corresponding to a general point [V 1 ] of MS C 1 (n, L 1 ), and V 2 be the symplectic bundle over C 2 corresponding to the general point Φ([V 1 ]) of MS C 2 (n, L 2 ). Then Φ sends the rational curves of degree 2n passing through [V 1 ] ∈ MS C 1 (n, L 1 ) to those rational curves through [V 2 ] ∈ MS C 2 (n, L 2 ). By Corollary 6.3, we get the induced isomorphism P(V ∨ 1 ) ∼ = P(V ∨ 2 ). From this isomorphism of rational fibrations, we get the induced isomorphism C 1 ∼ = C 2 on the base curves.
(2) In the same way, the isomorphism Φ : M 1 ∼ = M 2 induces the isomorphism of isotropic Grassmannians IG(2, V 1 ) and IG(2, V 2 ), where Φ([V 1 ]) = [V 2 ]. From this, we get the isomorphism C 1 ∼ = C 2 .
We can also classify the automorphisms on the moduli spaces of symplectic or orthogonal bundles. The symplectic case has been shown in [4, Theorem 6.1] by another method. Below we discuss the orthogonal case only. Proof. Let σ be an automorphism of M 0 . Since the degree of rational curves is fixed under σ, we get an induced isomorphism σ between isotropic Grassmannian bundles π : IG(2, V ) → C and π ′ : IG(2, V ′ ) → X, where V ′ is the bundle represented by σ([V ]). Note that σ sends a fiber to a fiber, since g ≥ 2. Thus by composing with an automorphism τ of C, we may assume that π = π ′ • σ.
Let U ∨ → IG(2, V ) and (U ′ ) ∨ → IG(2, V ′ ) be the dual of the relative universal bundles. Then σ * (U ′ ) ∨ ∼ = U ∨ ⊗ π * N for some line bundle N over C. By taking push-forward, we have π * σ * (U ′ ) ∨ = π ′ * σ * σ * (U ′ ) ∨ ∼ = V ′ and also π * σ * (U ′ ) ∨ ∼ = π * (U ∨ ⊗ π * N ) ∼ = V ⊗ N.
Hence V ′ ∼ = V ⊗ N for a line bundle N (up to τ ∈ Aut(C)). Now it remains to show that N is a line bundle of order two. Since both V and V ′ are O C -valued symplectic or orthogonal bundles, we get
This shows that the morphism [V ] → [V ⊗ N 2 ] is the identity map on M 0 . Hence we can see that N 2 ∼ = O C by specializing V to the trivial orthogonal bundle V ∼ = O ⊕n C . 
